ZETA EXPANSION

FOR LONG-RANGE INTERACTING LATTICE SYSTEMS

Jonathan K. Busse — joint work with Andreas A. Buchhelt jonathan@jbusse.de

ISOTROPIC LATTICE SUMS: EPSTEIN ZETA FUNCTION ANISOTROPIC LATTICE SUMS: SET ZETA DERIVATIVES

Let 2,y € R? and let A be a lattice. The Epstein Zeta function is the

Let L C R% be uniformly discrete and let a € ]Ng be a multi-index. We define the a-derivatives of the
holomorphic continuation of the following lattice sum to v € C\ {d}

set zeta function with respect to y € R as the meromorphic continuation of the following lattice sum
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Spin systems [1]. Applications:
i = High-dimensional many-body interactions [3]. L . Taylor series stabilizes computations in
L7 /2 = Stability of matter in theoretical chemistry [4]. R theoretical chemistry [3, 4].
. = Casimir effect in high-energy physics [1]. = Forces in micromagnetics [2]
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= Topological superconductors (ongoing).
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n are the set zeta derivatives with respect to r, efficiently computable through the Crandall representation.

EPSTEINLIB THEOREM: CRANDALL REPRESENTATION

High-Performance C library for

let L = AZ" x {0}97", n € N+ with n < d, and o € INZ. For » € RY, choose a finite near-field

= every real exponent v lattice Lpear C L and set Ly, = L\ Lypear. FOr Re(v) > n, we have
= every lattice A V)2
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high-order derivatives in development branch. © e \*
With Python, Julia, and Mathematica wrappers. with upper Crandall derivatives
Github: https://github.com/epsteinlib/epsteinlib G(Va)(r) — Z|B|§\a|/2pa,ﬂ(r)Gv+2|a|—2lﬁ|<r)> Gu(r)=T(v/2, 7T’I"2>/<7TT'2)V/2
EPSTEINLIB: C LIBRARY where I'(, -) the upper incomplete Gamma function; with lower Crandall derivatives
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complex epsteinZeta( nu, dim, A, X, y) C gy (r) = Z|ﬂ|§|a|/2pavﬂ(r>gV"‘2|a|—2|B|(r)’ gu(r) =(v/2,7r)/(7r”)
complex epsteinZetaReg( nu, dim, A, X, y) where ~(-, ) the lower incomplete Gamma function; and with incomplete Bessel derivatives
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EPSTEINLIB: PYTHON WRAPPER Here, po g(r) = (—m)*~P(3) <(§‘__2%))!,(2r)0‘_2ﬂ.
pip install epsteinlib Shell
BENCHMARK: FULL PRECISION AT RUNTIME OF LOW-PRECISION TRUNCATION SCHEMES
R | Python Geometry: derivatives m cuboid geometry ¢ maxy , E
from epsteinlib import epstein zeta 3 P ’ 16
madelung = epstein zeta(1.0, np. (3), np. (3), np. (3,0.5)) m () = Hizl[_jzv 7"] , (1,1,1)/50 2.18 - 10
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s r=(1/4,1/4,r), r=10.1,0.2,...,0.5 ,

(0,0,2) (1,1,1)/100  2.14- 10710
—16
10~ BT T o T T T 1 13 N | o od—¢ = v =10,10.1,...,14. (1,2,3)/100  2.19-10
-z (1/10,1/20) ° o
15 A Dheord 30 ! oo ®° o0 ® . _-=
1077 - gt ' Y oo oo ' ed=
® _
10_17 E %2, N o ° o . é 10—4 _' ® PP ., ®d=4 [1] A. A. Buchheit, J. K. Busse et al. Computation and Properties of the Epstein Zeta Function with High-Performance
A (0'2) ° ¢ e ‘ o o0 0 o 00 Implementation in EpsteinLib. arXiv:2509.26274 (2025).
~19 A% (1/101/20)3 6| ©0 0500000 d=3 | : i : iodi iti i
} o= . g b A , ) K. .
10 : Apex,v+10 ) : 10 6 [2] A. A.Buchheit, J. K. Busse et al. Zeta Expansion for Long-Range Interactions under Periodic Boundary Conditions with
- e d—=9 Applications to Micromagnetics. J. Comp. Phys., 114885, DOI: 10.1016/.jcp.2026.114885 (2026).
0 1 2 3 1 0 2 4 6 8 10 ®a= . : : -
[3] A. A.Buchheit and J. K. Busse Epstein Zeta Method for Many-Body Lattice Sums. arXiv:2504.11989 (2025).
Y, ‘OL‘ od=1 [4] A. Robles-Navarro, J. K. Busse et al. Exact Lattice Summations for Lennard-Jones Potentials Coupled to a Three-Body
Axilrod-Teller-Muto Term Applied to Cuboidal Phase Transitions. J. Chem. Phys. 163, 094104, DOI: 10.1063/5.0276677 (2025).
[5] A. A.Buchheit, J. K. Busse et al. Epsteinlib. URL: https://github.com/epsteinlib/ (2026).
. - - odn SAARLAND
Group Quantum Computing Applications Institute of Juuns |

Department High-Performance Computing DLR Software Technology e UNIVERSITY


mailto:jonathan.busse@dlr.de
tinyurl.com/449fs2ed
https://github.com/epsteinlib/epsteinlib

