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ISOTROPIC LATTICE SUMS: EPSTEIN ZETA FUNCTION

Let 𝑥, 𝑦 ∈ R𝑑 and let Λ be a lattice. The Epstein Zeta function is the
holomorphic continuation of the following lattice sum to 𝜈 ∈ C ∖ {𝑑}
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Applications:

■ Spin systems [1].

■ High-dimensional many-body interactions [3].

■ Stability of matter in theoretical chemistry [4].

■ Casimir effect in high-energy physics [1].

APPLICATION: MANY-BODY LATTICE SUMS [3, 4]
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⇝ computable through Epstein zeta functions,
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Integral representation:

■ Evaluation of (𝑛 − 1)𝑑-dimensional sums.

■ Exponential reduction in runtime,

now linear scaling in number of bodies.

EPSTEINLIB

High-Performance C library for

■ every real exponent 𝜈
■ every lattice Λ
■ every offset 𝑥
■ every wavevector 𝑦

of the (regularized) Epstein Zeta function, including
high-order derivatives in development branch.

With Python, Julia, and Mathematica wrappers.

Github: https://github.com/epsteinlib/epsteinlib

EPSTEINLIB: C LIBRARY

EPSTEINLIB: PYTHON WRAPPER

BENCHMARK: EIGHTEEN 3D DERIVATIVES AT MACHINE PRECISION IN UNDER ONE MILLISECOND

ANISOTROPIC LATTICE SUMS: SET ZETA DERIVATIVES

Let 𝐿 ⊆ R𝑑 be uniformly discrete and let 𝛼 ∈ N𝑑
0 be a multi-index. We define the 𝛼-derivatives of the

set zeta function with respect to 𝑦 ∈ R𝑑 as the meromorphic continuation of the following lattice sum
to 𝜈 ∈ C
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Multi-index notation:

|𝛼| = 𝛼1 + . . . + 𝛼𝑑, 𝑧𝛼 = 𝑧𝛼1
1 𝑧𝛼2

2 . . . 𝑧
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𝑑 .

Applications:

■ Taylor series stabilizes computations in

theoretical chemistry [3, 4].

■ Forces in micromagnetics [2].

■ Topological superconductors (ongoing).

APPLICATION: FORCES IN MICROMAGNETICS [2]

Consider cuboids Ω at positions
𝑧 ∈ 𝐿 = 𝐴Z𝑛 × {0}𝑑−𝑛, 𝐴 ∈ R𝑛×𝑛 regular
and 𝑟 ∈ R𝑑, where

𝑧 + Ω influence−−−−−−→ 𝑟 + Ω .
(𝑧 ∈ 𝐿 )

Generalized potential with
derivative order 𝑚 ∈ N𝑑

0
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Made efficiently computable through set zeta derivatives in [2].

ZETA EXPANSION FOR MICROMAGNETICS

Split potential into near-field and far-field lattices
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with exponential convergence in derivative order |𝛼|. Here, 𝑐𝛼 depend on the geometry and
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are the set zeta derivatives with respect to 𝑟, efficiently computable through the Crandall representation.

THEOREM: CRANDALL REPRESENTATION

Let 𝐿 = 𝐴Z𝑛 × {0}𝑑−𝑛, 𝑛 ∈ N+ with 𝑛 ≤ 𝑑, and 𝛼 ∈ N𝑑
0. For 𝑟 ∈ R𝑑, choose a finite near-field

lattice 𝐿near ⊂ 𝐿 and set 𝐿far = 𝐿 ∖ 𝐿near. For Re(𝜈) > 𝑛, we have
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where Γ(·, ·) the upper incomplete Gamma function; with lower Crandall derivatives
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BENCHMARK: FULL PRECISION AT RUNTIME OF LOW-PRECISION TRUNCATION SCHEMES

Geometry:

■ Ω =
∏︀3

𝑖=1[−
𝑐𝑖
2 , 𝑐𝑖

2 ] ,
■ 𝐿 = Z2 × {0} .

Maximum error over a grid of values:

■ 𝑟 = (1/4, 1/4, 𝑟), 𝑟 = 0.1, 0.2, . . . , 0.5 ,

■ 𝜈 = 10, 10.1, . . . , 14 .

derivatives 𝑚 cuboid geometry 𝑐 max𝑟,𝜈 𝐸rel

(1, 0, 1)
(1, 1, 1)/50 2.18 · 10−16

(1, 1, 1)/100 2.11 · 10−16

(1, 2, 3)/100 2.16 · 10−16

(0, 0, 2)
(1, 1, 1)/50 3.87 · 10−16

(1, 1, 1)/100 2.14 · 10−16

(1, 2, 3)/100 2.19 · 10−16
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